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a b s t r a c t
Closure spacewas introduced by Cech as a generalization of ordinary topology. In this work
we establish a one to one correspondence between quasi-discrete closures and reflexive
relations. We show that, in a quasi-discrete closure space, if a closure cl and its topological
closure clT are respectively generated by relations R and S, then S is the transitive closure
of R.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Topology [1] is a branch ofmathematics, whosemathematical structures can be used formodeling phenomena of the real
world. It also provides an approach for data analysis and knowledge discovery. Closure space was introduced by Cech [2]
as a generalization of ordinary topology. Quasi-discrete topological closures have become relevant for the study of digital
topology [3,4]. In this work, we study them from the point of view of binary relations. It should be noted that the generation
of closures by relations and the representation of closure concepts via relations will narrow the gap between closure spaces
and their applications.
Allam, Bakeir and Tabl [5] gave some methods for generating topologies using binary relations. The correspondence
between quasi-discrete closure spaces and reflexive relations had already been pointed out by Cech [2]. In this work, we
consider the relationship between closures and binary relations and establish a one to one correspondence between quasi-
discrete closures and reflexive relations bymeans of characteristic function. For any given closure space (U, cl)with closure
cl, Galton [6] constructed a topological closure clT and proved that clT satisfied Kuratowski closure axioms [1]. Wewill show
that if (U, cl) is a quasi-discrete closure space generated by relation R onU and topological closure clT is generated by relation
S on U , then S is the transitive closure of R.
2. Closure space
Throughout this section, we suppose that U is a finite universal set and P(U) is the power set of U .
Definition 2.1. A closure space [2,6] is a pair (U, cl), where U is a universal set, and closure cl : P(U)→ P(U) is a function
associating with each subset X ⊆ U a subset cl(X) ⊆ U , called the closure of X , such that
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(1) cl(∅) = ∅,
(2) X ⊆ cl(X),
(3) cl(X ∪ Y ) = cl(X) ∪ cl(Y ).
In topology, the closure of a set X is defined to be the intersection of all closed sets Y such that X ⊆ Y , which yields the
following definition of topological closure.
Definition 2.2. In a closure space (U, cl), the topological closure clT : P(U)→ P(U) [2,6] is defined by
clT (X) = ∩{Y |Y ⊆ U, X ⊆ Y , cl(Y ) = Y }
and clT is called the topological closure induced by closure cl. It follows immediately from this definition that the topological
closure clT [6] satisfies the following Kuratowski closure axioms.
(1) clT (∅) = ∅,
(2) X ⊆ clT (X),
(3) clT (X ∪ Y ) = clT (X) ∪ clT (Y ),
(4) clT (clT (X)) = clT (X).
Moreover cl(X) ⊆ clT (X) [6]. Suppose that R ⊆ U × U is an arbitrary binary relation on U . We can define the R-left and
R-right relative sets of an element x in U as follows:
lR(x) = {y|y ∈ U, yRx} and rR(x) = {y|y ∈ U, xRy}.
Note that R is determined uniquely by its left or right neighborhoods. R is referred to as reflexive if a ∈ lR(a) for all a ∈ U; R is
referred to as symmetric if lR(a) = rR(a) for all a ∈ U; R is referred to as transitive if whenever a ∈ lR(b) and b ∈ lR(c), then
a ∈ lR(c). Suppose that U = {u1, u2, . . . , un} is a universal set with n elements and X is a subset of U; then the characteristic
function χX of X assigns 1 to an element that belongs to X and 0 to an element that does not belong to X . Thus subset X
can be represented by an n-tuple χX = (x1, x2, . . . , xn)T (i.e., χX can be considered as a Boolean column vector), where T
denotes the transpose operation. For example, if U = {u1, u2, u3}, X = {u2, u3}, then we write χX = (0, 1, 1)T . Let R be an
arbitrary binary relation on U , and letMR = (aij) be the corresponding n× n Boolean matrix representing R.
Recall that the Boolean product of the m × n Boolean matrix A = (aij) and n × p Boolean matrix B = (bij), denoted as
A ◦ B, is the m × p Boolean matrix C = (cij) defined by cij = ∨nk=1(aik ∧ bkj), where ∨ denotes the maximum and ∧ the
minimum. There is a close relationship between closures and binary relations.
Lemma 2.1. Let U = {u1, u2, . . . , un} be a finite universal set, P(U) the power set of U, and (U, cl) the closure space with
closure cl : P(U)→ P(U). Then there is a unique reflexive relation R on U such that χcl(X) = MR ◦χX for all X ∈ P(U), where MR
is the relational matrix of R. Conversely, if R is an arbitrary reflexive relation on U, define cl : P(U)→ P(U) via χcl(X) = MR ◦χX
for all X ∈ P(U); then (U, cl) is a closure space with closure cl.
Proof. Using closure cl, we can construct a binary relation R on U as follows:
lR(x) = cl({x}) for all x ∈ U .
LetMR = (aij) be the relational matrix of R; then χcl(∅) = χ∅ = 0 = MR ◦ 0 = MR ◦ χ∅.
Since χcl(X)(ui) = 1 if and only if ui ∈ cl(X), where cl(X) = ∪uj∈X cl({uj}), we have
χcl(X)(ui) = 1 ⇔ ∃j such that uj ∈ X and ui ∈ cl({uj})
⇔ ∃j such that χX (uj) = 1 and uiRuj
⇔ ∃j such that χX (uj) = 1 and aij = 1
⇔ ith element ofMR ◦ χX is 1.
That is, χcl(X) = MR ◦ χX . The reflexivity of R is derived from x ∈ cl({x}) = lR(x) for all x ∈ U .
Now we show that the binary relation R is unique. Let S be another binary relation on U and χcl(X) = MS ◦ χX . Suppose
MS = (bij); then we obtainMR ◦ χ{x} = MS ◦ χ{x} for all x ∈ U , and it follows thatMR = MS , that is, R = S and R is unique.
Conversely, we show that any reflexive relation can induce a closure space (U, cl). For any reflexive relation R on U , if
cl : P(U)→ P(U) is defined by χcl(X) = MR ◦ χX for all X ∈ P(U), then χcl(∅) = MR ◦ χ∅ = 0 and cl(∅) = ∅. The reflexivity
of R implies χcl(X) = MR ◦ χX ≥ χX , that is, X ⊆ cl(X). χcl(X∪Y ) = MR ◦ χX∪Y = MR ◦ (χX ∨ χY ) = MR ◦ χX ∨ MR ◦ χY =
χcl(X) ∨ χcl(Y ) = χcl(X)∪cl(Y ). We have shown that cl(X ∪ Y ) = cl(X) ∪ cl(Y ) and (U, cl) is a closure space. 
For a given finite universal set U , Lemma 2.1 illustrates that there is a one to one correspondence between closures and
reflexive relations on U . If (U, cl) is a closure space, then the unique relation R on U satisfying χcl(X) = MR ◦ χX is denoted
by Rcl. R is also called the relation determined by (U, cl) and (U, cl) is called the closure space generated by R.
Corollary 2.1. Let U be a universal set with n elements; then there are 2n(n−1) different closure spaces (U, cl) on U.
Proof. The number of reflexive relations on U with n elements is 2n(n−1). 
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Since closure cl : P(U)→ P(U) is a mapping, the powers of cl are inductively defined as follows:
cl1 = cl, cl2 = cl ◦ cl, . . . , clr+1 = clr ◦ cl, . . . .
For instance, cl2 is defined by cl2(X) = cl(cl(X)) for all X ∈ P(U); for any positive integer i, cli is a mapping from P(U) to
itself, and moreover, we have:
Corollary 2.2. Let U be a universal set with n elements, P(U) the power set of U, and (U, cl) the closure space with closure
cl : P(U) → P(U). Then, for any positive integer i, (U, cli) is also a closure space and cl(X) ⊆ cl2(X) ⊆ cl3(X) ⊆ · · · ⊆
cln(X) = cln+1(X) = · · ·, for all X ∈ P(U).
Proof. By Lemma 2.1, R = Rcl satisfies χcl(X) = MR ◦ χX for all X ∈ P(U), where MR is the relational matrix of R. Thus
χcl2(X) = MR ◦ (MR ◦ χX ) = M2R ◦ χX . In general, for any positive integer i, χcli(X) = M iR ◦ χX . Using Lemma 2.1 again, (U, cli)
is a closure space generated by binary relation Ri. Since R is reflexive, we have R ⊆ R2 ⊆ R3 ⊆ · · · ⊆ Rn = Rn+1 = · · · [7];
this means that cl(X) ⊆ cl2(X) ⊆ cl3(X) ⊆ · · · ⊆ cln(X) = cln+1(X) = · · ·. This completes the proof. 
Lemma 2.2. Let U be a universal set with n elements, P(U) the power set of U, and (U, cl) the closure space with closure
cl : P(U)→ P(U). Then there is a unique reflexive and transitive relation S on U such that χclT (X) = MS ◦ χX for all X ∈ P(U).
Proof. Note that if (U, cl) is a closure space, then (U, clT ) is also a closure space. Like in the proof of Lemma 2.1, we define
binary relation S on U as follows:
lS(x) = clT ({x}), ∀ x ∈ U .
It is easy to verify that χclT (X) = MS ◦ χX and S is reflexive. Since clT (clT (X)) = clT (X), we haveMS ◦ (MS ◦ χX ) = MS ◦ χX
for all X ∈ P(U) andMS ◦MS = MS . Therefore, S2 = S and S is transitive. 
3. The relationship between closures and topological closures
In this section, we will discuss the relationship between closure cl and topological closure clT . By Lemma 2.1, R = Rcl
satisfies χcl(X) = MR ◦χX . By Lemma 2.2, there is a unique reflexive and transitive relation S onU such that χclT (X) = MS ◦χX .
An interesting problem is that of the relationship between R and S. This section will show that S = Rn with n = |U|, where
|U| denotes the cardinality of U .
Recall that the transitive closure of a relation R is the smallest transitive relation containing R. The following lemma is
well-known; its proof can be found in [8,7].
Lemma 3.1. Let U be a universal set with n elements and let R be a reflexive relation on U. Then Rn is the transitive closure of R.
For closure cl : P(U)→ P(U), we define
C = {X |X ∈ P(U), cl(X) = X},
and by Lemma 2.1, R = Rcl satisfies χcl(X) = MR ◦ χX . It is clear that cl(cl(X)) = cl(X) for every X ∈ P(U) if and only if R2 = R.
If cl(cl(X)) = cl(X), then cl(X) ∈ C and clT (X) = cl(X) for all X ∈ P(U).
Theorem 3.1. Let U = {u1, u2, . . . , un} be a universal set with n elements, (U, cl) the closure space with closure cl : P(U)→
P(U), and clT : P(U)→ P(U) the topological closure induced by closure cl. R is the relation on U determined by (U, cl) and S is
the relation on U determined by (U, clT ). Then S = Rn is the transitive closure of R and clT = cln.
Proof. We show that S is the transitive closure of R. cl(X) ⊆ clT (X) [6] implies MR ◦ χX ≤ MS ◦ χX for all X ∈ P(U);
thus R ⊆ S. LetW be a transitive relation on U with R ⊆ W ; we show that S ⊆ W . In fact, we can define another closure
space (U, cl′) with closure cl′ : P(U) → P(U) via χcl′(X) = MW ◦ χX . Suppose that CR = {X |X ∈ P(U), cl(X) = X} and
CW = {X |X ∈ P(U), cl′(X) = X}; if X ∈ CW , then MW ◦ χX = χX and χX ≤ χcl(X) = MR ◦ χX ≤ MW ◦ χX = χX , and thus
MR ◦ χX = χX and X ∈ CR. i.e., CW ⊆ CR. Since W is transitive, we have cl′ = cl′T . Thus lS(x) = clT ({x}) = ∩{X |x ∈ X ∈
CR} ⊆ ∩{X |x ∈ X ∈ CW } = cl′T ({x}) = cl′({x}) = lW (x) and we obtain lS(x) ⊆ lW (x) for all x ∈ U . That is, S ⊆ W and S is the
transitive closure of R. By Lemma 3.1, S = Rn and clT = cln. This completes the proof. 
The following corollary can be considered as an equivalent definition of topological closure.
Corollary 3.1. Let U = {u1, u2, . . . , un} be a universal set with n elements and (U, cl) be the closure space with closure
cl : P(U)→ P(U). Then the following conditions are equivalent:
(1) clT (X) = ∩{Y |Y ⊆ U, X ⊆ Y , cl(Y ) = Y }.
(2) clT : P(U)→ P(U) is the smallest closure satisfying cl(X) ⊆ clT (X) for all X ∈ P(U) and the Kuratowski closure axioms.
(3) Suppose that χcl(X) = MR ◦ χX ; then χclT (X) = MRn ◦ χX .
Proof. The proof is straightforward and we omit it. 
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We illustrate Theorem 3.1 with the following example.
Example 3.1. Suppose that U = {1, 2, 3, 4}. Closure cl : P(U) → P(U) is defined by cl({1}) = {1, 4}, cl({2}) = {1, 2},
cl({3}) = {2, 3} and cl({4}) = {4}. Then MR =
(1 1 0 0
0 1 1 0
0 0 1 0
1 0 0 1
)
, and R = {(1, 1), (1, 2), (2, 2), (2, 3), (3, 3), (4, 1), (4, 4)}.
By direct computation, MR2 = (MR)2 =
(1 1 1 0
0 1 1 0
0 0 1 0




(1 1 1 0
0 1 1 0
0 0 1 0
1 1 1 1
)
= MR4 = MS , S = {(1, 1), (1, 2),
(1, 3), (2, 2), (2, 3), (3, 3), (4, 1), (4, 2), (4, 3), (4, 4)}. Topological closure clT : P(U)→ P(U) is determined by clT ({1}) =
{1, 4}, clT ({2}) = {1, 2, 4}, clT ({3}) = {1, 2, 3, 4} and clT ({4}) = {4}. χclT (X) = MS ◦ χX for all X ∈ P(U).
It is well-known that Warshall’s algorithm [8] is an efficient one for computing transitive closure. By Lemma 3.1, it can
be used for computing topological closure clT from closure cl. Let U = {u1, u2, . . . , un} be a universal set with n elements
and (U, cl) be the closure space with closure cl : P(U)→ P(U).
Algorithm for computing topological closure clT from closure cl:
1. MR = (aij).
a. aij = 1, if ui ∈ cl({uj}), and aij = 0, if ui 6∈ cl({uj}).
2. For k = 1 to n.
a. For i = 1 to n.
1. For j = 1 to n.
a. aij = aij ∨ (aik ∧ akj).
3. MS = (aij) and χclT (X) = MS ◦ χX .
End the algorithm.
4. Quasi-discrete closure spaces
A quasi-discrete closure space [2,6] is one of the important closure spaces. It has led to many applications in digital
topology. It is well-known that a finite closure space is automatically quasi-discrete. In this section, we will extend results
of the above sections to quasi-discrete closure space. Throughout this section, the universal set U is supposed to be infinite.
For a given subset X of U , the characteristic function χX is defined to be identically 1 on X , and is 0 elsewhere.
Definition 4.1. A closure space (U, cl) is quasi-discrete [6,3] if it satisfies cl(∪i∈I Xi) = ∪i∈I cl(Xi) for any given index I and
each Xi ⊆ U .
Consider now a binary relation R on U and a subset X of U . The standard max–min composition of R and X , which is denoted
by R ◦ X , produces a subset R ◦ X of U defined by χR◦X (x) = ∨y∈U(χR(x, y) ∧ χX (y)) for all x ∈ U , where χR(x, y) denotes
the characteristic function of Rwith value 1 at xRy and 0 elsewhere.
Lemma 4.1. Let U be a universal set, P(U) the power set of U, and (U, cl) the quasi-discrete closure space with closure
cl : P(U) → P(U). Then there is a unique reflexive relation R on U such that cl(X) = R ◦ X for all X ∈ P(U). Conversely,
if R is an arbitrary reflexive relation on U, define cl : P(U) → P(U) via cl(X) = R ◦ X for all X ∈ P(U); then (U, cl) is a
quasi-discrete closure space with closure cl.
Proof. We define a relation R on U as follows.
lR(x) = cl({x}), ∀ x ∈ U .
Since (U, cl) is a quasi-discrete closure space, we have χcl(∅)(x) = 0 = χ(R◦∅) and χcl(X)(x) = χ(∪y∈X cl({y}))(x) =∨y∈X χ{y}(x) = ∨y∈X χR(x, y) = ∨y∈U χR(x, y) ∧ χX (y) = χR◦X (x), that is, cl(X) = R ◦ X for all X ∈ P(U). We note that
χR(x, x) = χcl({x})(x) = 1 because {x} ⊆ cl({x}). Thus R is reflexive. Clearly, R is unique.
Conversely, if R is a reflexive relation on U and cl(X) = R ◦ X for all X ∈ P(U), then (U, cl) is a closure space. Moreover,
cl(∪i∈I Xi) = R ◦ (∪i∈I Xi) = ∪i∈I R ◦ Xi = ∪i∈I cl(Xi) for any given index I and each Xi ⊆ U . Thus (U, cl) is a quasi-discrete
closure space with closure cl. 
Lemma 4.2. Let U be a universal set, P(U) the power set of U, and (U, cl) the quasi-discrete closure space with closure
cl : P(U)→ P(U). Then:
(1) clT (∪j∈J Xj) = ∪j∈J clT (Xj) for any given index J and each Xj ⊆ U.
(2) There is a unique reflexive relation S on U such that clT (X) = S ◦ X for all X ∈ P(U).
Proof. (1) Suppose that X, Y ∈ P(U) and X ⊆ Y ; then clT (Y ) = clT (X ∪ Y ) = clT (X) ∪ clT (Y ) and clT (X) ⊆ clT (Y ).
That is, clT is monotone. Since Xj ⊆ ∪j∈J Xj. By the monotonicity of clT , we have clT (Xj) ⊆ clT (∪j∈J Xj), which implies that
∪j∈J clT (Xj) ⊆ clT (∪j∈J Xj).
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Next we show that clT (∪j∈J Xj) ⊆ ∪j∈J clT (Xj). In fact, if x 6∈ ∪j∈J clT (Xj), then for every j ∈ J , x 6∈ clT (Xj), by definition of
the topological closure clT , there exists some Yj ⊇ Xj, x 6∈ Yj and cl(Y ) = Y . This means that x 6∈ ∪j∈J Yj and ∪j∈J Xj ⊆ ∪j∈J Yj.
Since (U, cl) is the quasi-discrete closure space with closure cl, we have cl(∪j∈J Yj) = ∪j∈J cl(Yj) = ∪j∈J Yj. By using
the definition of the topological closure clT again, x 6∈ clT (∪j∈J Xj). We have shown that clT (∪j∈J Xj) ⊆ ∪j∈J clT (Xj); thus
clT (∪j∈J Xj) = ∪j∈J clT (Xj).
(2) Since (U, clT ) is also a quasi-discrete closure space with closure clT , by Lemma 4.1, there is a unique reflexive relation
S on U such that clT (X) = S ◦ X for all X ∈ P(U). 
Theorem 4.1. Let U be a universal set, (U, cl) the quasi-discrete closure space with closure cl : P(U)→ P(U), and clT : P(U)→
P(U) the topological closure. R is the reflexive relation on U determined by cl, and S is the reflexive relation on U determined by
clT . Then S is the transitive closure of R.
Proof. (1) Since clT is a topological closure,we have clT (clT (X)) = clT (X),∀X ∈ P(U). By Lemma4.2, S◦(S◦X) = S◦X,∀X ∈
P(U); thus S ◦ S = S and S is transitive.
(2) cl(X) ⊆ clT (X),∀X ∈ P(U) [6] implies RX ⊆ SX,∀X ∈ P(U); therefore R ⊆ S.
(3) To show that S is the smallest transitive relation containing R, we must show that ifW is any transitive relation on U
and R ⊆ W , then S ⊆ W . We note that W induces a closure cl′(X) = W ◦ X,∀X ∈ P(U); by the transitivity of W ,
(cl′)T = ∩{Y |X ⊆ Y , cl′(X) = X} = cl′(X),∀X ∈ P(U). Moreover, cl′(X) = X if and only if W ◦ X = X . Note that if
W ◦ X = X , by the reflexivity of R, X ⊆ R ◦ X ⊆ W ◦ X = X; this means that if cl′(X) = X , then cl(X) = X . By the
definition of clT ,
clT (X) = ∩{Y |X ⊆ Y , cl(Y ) = Y } ⊆ cl′(X), ∀ X ∈ P(U).
That is, S ◦ X ⊆ W ◦ X,∀X ∈ P(U); this implies S ⊆ W . 
Corollary 4.1. Let U be a universal set, and (U, cl) the quasi-discrete closure space with closure cl : P(U) → P(U). Then, for
any positive integer i, (U, cli) is also a quasi-discrete closure space and cl(X) ⊆ cl2(X) ⊆ cl3(X) ⊆ · · ·, for all X ∈ P(U).
5. Conclusions
Let U be a universal set and (U, cl) be the quasi-discrete closure space with closure cl. We have shown that there is a
unique reflexive relation R such that cl(X) = R ◦ X for all X ∈ P(U). If clT is the topological closure induced by closure cl,
then there is a unique reflexive and transitive relation S such that clT (X) = S ◦X for all X ∈ P(U). Moreover, we have shown
that S is the transitive closure of R.
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